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Abstract
We construct slowly rotating black-hole solutions of Einsteinian cubic gravity (ECG) in four
dimensions with flat and AdS asymptotes. At leading order in the rotation parameter, the only
modification with respect to the static case is the appearance of a non-vanishing gtφ component.
Similarly to the static case, the order of the equation determining such component can be
reduced twice, giving rise to a second-order differential equation which can be easily solved
numerically as a function of the ECG coupling. We study how various physical properties of the
solutions are modified with respect to the Einstein gravity case, including its angular velocity,
photon sphere, photon rings, shadow, and innermost stable circular orbits (in the case of timelike
geodesics).
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1 Introduction
Constructing black hole solutions of higher-curvature modifications of Einstein gravity is a chal-
lenging task. Restricting the discussion to pure-metric diffeomorphism-covariant theories, even the
simplest case of static and spherically symmetric configurations is very difficult to tackle in general,
typically involving fourth-order coupled differential equations.
Nonetheless, there are exceptions to this. The prototypical example corresponds to Lovelock
theories [1, 2], for which (analytic) generalizations of the usual Schwarzschild solution were con-
structed long ago [3–6] and more recently [7–14]. Naturally, such solutions are nontrivial only for
D ≥ 5, as all higher-curvature Lovelock densities are either topological or trivial in D = 4. Also for
D ≥ 5, there exists another class of theories which admit analytic static black holes. These are the
so-called Quasi-topological gravities [15–20]. The static black hole solutions of Quasi-topological
gravities are characterized by a single function which, similarly to what happens for Lovelock theo-
ries, is determined by an algebraic equation. Recently, it has been realized that both Lovelock and
Quasi-topological theories can be thought of as particular cases of a more general type of theories,
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the so-called Generalized Quasi-topological (GQT) gravities [21–25]. These are characterized by
admitting single-function (gttgrr = −1) non-hairy generalizations of the Schwarzschild black hole as
well as by possessing second-order linearized equations around maximally symmetric backgrounds.
A detailed list of their properties have been given [25, 26], and the thermodynamics of the cubic
and quartic cases have been studied in detail [24, 27–29]; see [30–32] for related references. In
GQT theories, the equation that determines the black hole metric function f(r) ≡ −gtt can be
automatically integrated once [22], and we can distinguish two cases. The first group corresponds
to theories for which the resulting equation is algebraic, whereas the second includes theories for
which it is a second-order differential equation. Lovelock and Quasi-topological gravities comprise
the first group.
The first representative of the second group to be identified was Einsteinian cubic gravity (ECG).
This theory was originally constructed as the most-general higher-curvature modification of Einstein
gravity which, up to cubic order, only propagates the usual transverse and traceless graviton on
maximally symmetric backgrounds in general dimensions [33]. Soon after, it was realized that —
analogously to Lovelock and Quasi-topological theories in D ≥ 5 — four-dimensional ECG admits
non-hairy single-function generalizations of the Schwarzschild black hole [34, 35]. The action of the
theory is given by
IECG =
1
16piG
∫
d4x
√−g
[
R− µL
4
8
P
]
, (1)
where µ is a dimensionless coupling, L some length scale and P is given by [33]
P = 12R c da b R e fc d R a be f +RcdabRefcdRabef − 12RabcdRacRbd + 8RbaRcbRac . (2)
The construction of ECG opened the door to the definition and classification of GQT gravities,
which are now known to exist at general orders and in arbitrary dimensions [25]. The static black
hole solutions of ECG have been by now studied in numerous papers and in several contexts [36–
45].1
Besides ECG and its higher-order cousins, there exist a few other static black hole solutions of
higher-cuvature modifications of Einstein gravity in D = 4. An important set of such solutions (for
which gttgrr 6= 1) was presented in [55, 56] for quadratic modifications of Einstein gravity. More
solutions are available for the so-called “non-polynomial” gravities — see e.g., [57, 58] and refs.
therein.
All we have said so far concerns static black holes. When rotation is included, things become
considerably more involved. For instance, no analytic generalization of the higher-dimensional
Kerr (or Myers-Perry [59]) solution has been constructed so far for Lovelock theories in the case of
arbitrary rotation. In fact, it has been argued that the Kerr-Schild ansatz does not help in that case
[60] (at least in the Einstein-Gauss-Bonnet case). Only for certain values of the Lovelock couplings
[60, 61] or in the slowly rotating limit [62–64] explicit solutions have been constructed, though
full-fledged solutions have been numerically obtained [65, 66]. Additional relevant approaches to
higher-curvature modifications of the Kerr solution in D = 4 include the construction of solutions
at leading order in the effective gravitational action couplings [67–69].
As far as ECG is concerned, near-horizon rotating solutions have been constructed in [70] and
perturbative solutions in the gravitational coupling have been obtained in [71]. In the present paper
1Cosmological applications of the theory have been also explored [46–54].
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we construct the slowly rotating black holes of the theory. The metric takes the form
ds2 = −f(r)dt2 + dr
2
f(r)
+ 2ar2p(r) sin2 θdtdφ+ r2
[
dθ2 + sin2 θdφ2
]
. (3)
With respect to the static case, fully characterized by the function f(r), the only modification is
the appearance of a nonvanishing gtφ component. Similarly to what happens for general GQT
gravities in the static case — as well as for Taub-NUT/Bolt solutions [72] — we observe that the
order of the equation that determines the function p(r) can be reduced twice, leaving us with a
second-order differential equation that can be easily handled and solved numerically. This allows
us to explicitly perform numerous computations of physically relevant quantities of the solution.
Besides theoretical considerations, the birth of the gravitational wave-astronomy era [73] should
eventually allow for a detailed scrutiny of the validity of the Kerr solution as the putative description
of astrophysical black holes. This further motivates the study of rotating black hole solutions and
their physical properties in modified theories of gravity.
The structure of our paper is as follows. In Section 2 we construct the asymptotically flat
slowly rotating black hole of four-dimensional ECG. As anticipated above, we show that the only
new equation to be solved is a second-order differential equation. We analyze the asymptotic and
near-horizon solutions, and then we construct the full solutions numerically. For a given value of
the ECG coupling, each solution is fully characterized by its mass and angular momentum. In
Section 3 we study geodesics in the new slowly rotating black hole background and how they differ
from their slowly rotating Kerr black hole counterparts. In the case of null geodesics, we study the
photon sphere, the photon rings (and the Lyapunov exponents controlling their instability) and the
black hole shadow as seen by an asymptotic observer. For timelike geodesics, we compute how the
innermost stable circular orbit is modified. We also compute the horizon angular velocity here. In
Section 4 we repeat the analysis of Section 2 in the presence of a negative cosmological constant
and construct the corresponding asymptotically AdS solutions. We also construct a new analytic
rotating solution in the critical limit of the theory. Section 5 contains some final comments regarding
possible future studies. Appendix A contains a review of the slowly rotating black holes (with a
single axis of rotation) of Einstein gravity and general Lovelock theories in arbitrary dimensions.
2 Asymptotically flat solutions
The equations of motion of ECG are given by [21, 33]
PacdeRb
cde − 1
2
gabLECG − 2∇c∇dPacdb = 0 , Pabcd ≡ ∂LECG
∂Rabcd
, (4)
where
Pabcd =
1
16piG
[
ga[cgb]d −
3µL4
4
[
RadRbc −RacRbd + gbdRae Rce − gadRbeRce − gbcRaeRde (5)
+ gacRb
eRde − gbdRefRaecf + gbcRefRaedf + gadRefRbecf − 3RaedfRbecf
− gacRefRbedf + 3RaecfRbedf + 12RabefRcdef
]]
.
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We shall write the ansatz (3) for the slowly rotating black hole in the following form
ds2 = −N(r)2f(r)dt2 + dr
2
f(r)
+ 2ar2p(r)(1− x2)dtdφ+ r2
[
dx2
1− x2 + (1− x
2)dφ2
]
, (6)
where x ≡ cos θ. Note that this includes three-independent functions of the radial coordinate.
We wish to solve the field equations (4) for this metric ansatz, working at linear order in a. At
this order, only Etφ becomes modified. The Ett and Err are identical to the static case, for which
Ett = Err. It follows that this relation also holds in the slowly rotating case, which implies that we
can set N(r) = 1 without loss of generality.
This Etφ component of the field equations is a complicated, fourth-order, differential equation
in the function p(r). However the following combination of the components of the field equations
r4
f(r)
[
Etφ − arp(r)
2
dErr
dr
]
(7)
remarkably admits a trivial first integral. The resulting third-order equation takes the form
C = r4p′ + µ
[
− 3
2
(
rf ′
2
+ 1− f
)
r2fp′′′ − 3
2
(
r2f
2
f ′′ +
r2f ′2
2
+
r(2− f)f ′
2
+ 2f(1− f)
)
p′′
+
15
2
(
−3r
2
10
(
−rf
′
3
+ 1 +
2f
3
)
f ′′ − r
2f ′2
2
+
r(1 + 7f)f ′
5
+ (1− f)
(
1 +
6
5
f
))
p′
]
, (8)
with C a constant of integration, which we show below to be proportional to the mass of the
solution through C = 6M . We note that a second remarkable thing has occurred upon integration:
while the equation for p(r) is now a third-order equation, there is no term proportional to p(r)
itself. This means that we can further simplify the problem by defining p(r) =
∫ r
g(r′)dr′ which
gives a second-order differential equation for the unknown function g(r).
We therefore must solve the following two equations to determine the two unknown metric
functions:
2GM = r(1− f) + µL
4
4r2
[
6r
(
rf ′
2
+ 1− f
)
f ′′f − (r2f ′2 + 3rf ′ + 6f(1− f)) f ′] , (9)
C = r4g − 3µL
4
2
[(
rf ′
2
+ 1− f
)
r2fg′′ +
(
r2f
2
f ′′ +
r2f ′2
2
+
r(2− f)f ′
2
+ 2f(1− f)
)
g′
− 5
(
−3r
2
10
(
−rf
′
3
+ 1 +
2f
3
)
f ′′ − r
2f ′2
2
+
r(1 + 7f)f ′
5
+ (1− f)
(
1 +
6
5
f
))
g
]
. (10)
The first of these equations is the usual (integrated) Err component of the field equations for a static
black hole ansatz that has been studied in the context of four-dimensional spherically symmetric
solutions [34, 35], while the second equation will account for the new physics due to the rotation.
We would like to stress that this double order-reduction phenomenon that allows us to reduce the
problem to two second-order differential equations for f(r) and g(r) — which, besides, are linear
in f ′′(r) and g′′(r) respectively — is highly nontrivial. It would be interesting to explore whether
this extends to general GQTGs in D = 4 (and also in higher dimensions, possibly with several
independent rotation parameters turned on).
In the weak coupling limit, we can solve the equations above by assuming a perturbative ex-
pansion in µ of the functions f and g. This process leads to the following solution up to order
µ2:
4
f(r) =1− 2M
r
+ µL4
[
−27M
2
r6
+
46M3
r7
]
− (µL4)2 [6804M3
r11
− 27702M
4
r12
+
28014M5
r13
]
, (11)
r2p(r) =− 2M
r
+
46µL4M3
r7
+
(
µL4
)2 [4860L8M3
13r11
+
12393L8M4
r12
− 28014L
8M5
r13
]
. (12)
However, this solution is only valid for rather small values of µL4/M4, and adding more terms
in the expansion does not increase the precision.2 Thus, we need to perform a non-perturbative
analysis in order to understand the solutions at large coupling. Let us then study the solutions to
the equations (9) and (10) in more detail.
2.1 Asymptotic solution
The solution of the equation for f(r) has been quite thoroughly studied in other work — see, e.g.,
[21, 24, 34, 37, 38] — so here we will be relatively concise with the analysis.
Asymptotically, the solution f(r) consists of a particular and a homogeneous part. The partic-
ular solution can be obtained by means of a power series in r. Taking as an ansatz
f1/r(r) =
∑
n=0
bn
rn
, (13)
plugging this into the equations of motion and solving order-by-order in the large-r limit we obtain
the following:
f1/r = 1−
2M
r
− 27M
2µL4
r6
+O (r−7) . (14)
To obtain the homogeneous part of the solution we plug f(r) = f1/r + fh(r) back into (9) and work
to linear order in fh(r). This yields
− 9ML
4µ
2
f ′′h (r) + r
3fh(r) = 0 , (15)
where we have kept only the leading terms in the large-r limit.3 While the equation for the
homogeneous solution admits a solution in terms of special functions, it is more useful to simply
present the asymptotic behavour in the r →∞ limit, which is governed by
fh(r) ∼ A
√
rI1/5
(
2
√
2r5/2
15
√
MµL4
)
+B
√
rK1/5
(
− 2
√
2r5/2
15
√
MµL4
)
, (16)
where A and B are constants and Kν(x) and Iν(x) are Bessel functions. We see that the requirement
of a well-behaved positive mass solutions fixes the parameter A = 0 and demands µ > 0. The second
2In fact, an analysis of the series in µ suggests that its radius of convergence is zero. Nevertheless the perturbative
expansion with a few terms does provide a reasonable approximation for small enough coupling.
3This means, for example, that we are neglecting the term proportional to f ′h, which falls off faster than the other
terms. Working to higher-order and including this term does not change the conclusions.
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part of the solution, which decays super-exponentially, can be safely neglected when writing the
asymptotic solution.
We now turn to an analysis of eq. (10). Here the general solution likewise consists of a particular
solution and a homogeneous solution. The particular solution is obtained as a large-r power series
with the first few terms reading
g1/r(r) =
C
r4
− 69CMµL
4
r10
+O (r−12) . (17)
The homogeneous equation can be obtained by substituting g(r) = g1/r(r) + gh(r) back into (10)
and keeping only the most important terms in the large-r limit. This yields the following equation:
− 9MµL
4
2
g′′h(r) + r
3gh(r) = 0 . (18)
The equation is of exactly the same form as that presented above in (16) for fh, and so the basic
conclusion is the same: we must fix one integration constant to zero (the coefficient of the growing
mode) and restrict the coupling to positive values in order to have well-behaved positive mass
solutions.
The equation that determines p(r) was originally fourth-order and, as a result, the solution
should be characterized by four parameters. We see that three of these parameters arise as inte-
gration constants in the solution for g(r): the constant C and two more constants of integration in
the homogeneous solution. One of these latter parameters — the coefficient of the growing mode
— is fixed to zero by requiring well-behaved asymptotics. We will see in the following subsections
that a free parameter in the near-horizon solution is fixed by requiring that the near horizon so-
lution connects smoothly to the asymptotic solution. Let us now discuss the interpretation of the
integration constant C and the final parameter that arises when integrating g(r) to obtain p(r).
In the large-r limit, the behavior of p(r) is accurately described by integrating just the particular
solution g1/r(r). This gives
p(r) = −Ω∞
a
− C
3r3
+
23CµM2L4
3r9
+O (r−11) , (19)
where Ω∞ is a constant of integration. It is easy to see that Ω∞ is related to the asymptotic angular
velocity of the spacetime. We have
Ω = − gtφ
gφφ
→ −a lim
r→∞ p(r) = Ω∞ . (20)
By a suitable choice of the Killing coordinates t and φ it is always possible to set Ω∞ = 0, and so
henceforth we will make this choice. This amounts to starting the integration for p(r) at r = ∞
and working inward.
To interpret the integration constant C, we will require that our solution asymptotically ap-
proaches the slow rotation limit of the Kerr solution
ds2 →−
(
1− 2M
r
)
dt2 − 4Ma(1− x
2)
r
dtdφ+
dr2(
1− 2Mr
) + r2 [ dx2
1− x2 + (1− x
2)dφ2
]
. (21)
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Comparing this with our asymptotic expansion for p(r) reveals that
C = 6M . (22)
This ensures that the spin parameter a = J/M represents the angular momentum per unit mass of
our solution.
2.2 Near horizon solution
We now wish to consider the equations of motion expanded about the horizon of a black hole.
Within the first-order slow rotation approximation there is no displacement of the horizon and it
remains located at f(rh) = 0. Let us first discuss the near horizon solution for the function f(r).
In this case, since we wish to study black hole solutions, we will assume that f(r) goes to zero
linearly as r → rh:
f(r) = 4piT (r − rh) +
∑
n=2
an(r − rh)n . (23)
Plugging this ansatz into the first equation of (9) and expanding order by order in (r− rh), we find
that the first two relationships can be expressed as
2GM = rh − 3(4piT )
2µL4
4rh
− (4piT )
3µL4
4
,
0 = −1 + 4piTrh + 3(4piT )
2µL4
4r2h
. (24)
These two conditions suffice to determine the horizon radius and temperature of the black hole for
a given choice of the mass and coupling. At the next order, a3 appears linearly and can be solved
for in terms of the parameter a2, along with the mass and horizon radius. The general pattern is
that an for n > 2 can be solved for in terms of the preceding parameters, which can themselves be
expressed in terms of a2, the mass and the coupling.
The parameter a2 is not fixed by the near-horizon equations of motion. However, as we will see
explicitly when considering the numerical solution, the value of a2 is fixed by requiring the solution
joins smoothly on to the asymptotic solution [24, 37], we will refer to this special value as a?2. An
alternative prescription to determine a?2 involves fixing the µ-derivatives of a2 by the requirement
that the near horizon solution admits a smooth µ → 0 limit [37, 38]. The basic idea is to remove
any terms proportional to inverse powers of µ in the series expansion of the term an for small µ.
This, in fact, fixes all the derivatives of a2 with the first few of these reading:
a
(0)
2 = −
1
r2h
, a
(1)
2 =
81L4
4r6h
, a
(2)
2 = −
3807L8
2r10h
, a
(3)
2 =
17827209L12
32r14h
, (25)
where a
(n)
2 := [(d/dµ)
na2(µ)] |µ=0. The coefficients grow faster than n! and a convergence analysis
reveals that the power series expansion has vanishing radius of convergence. Thus, regarded as
a function of the coupling, a2 is a smooth but non-analytic function. However, as was discussed
in [37], using a Pade´ approximant to represent a2(µ) yields a result that matches quite well the
numerically determined value of a?2.
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We do not expect that the function g(r) should vanish at the horizon, but we do expect that it
is a smooth function there. Therefore, we take the following series ansatz
g(r) =
∑
n=0
gn(r − rh)n . (26)
Substituting this ansatz, along with the near horizon expansion for f(r), into eq. (10) we can solve
order by order for the parameters gn. In this case, we find that all of the parameters gn for n > 0
can be obtained explicitly in terms of the mass, the coupling, and the parameters a2 and g0. The
first few relationships read:
6M = g0
(
3
4
µL4
(
2rh [(4piT )− 3a2rh] + (4piT )r2h [2a2rh − 5(4piT )] + 10
)
+ r4h
)
− 3
4
(4piT )g1µL
4rh [(4piT )rh + 2] , (27)
0 = g1
(
3
4
µL4
(−2rh [5a2rh + 3(4piT )]− (4piT )r2h [4a2rh + 7(4piT )] + 10)+ r4h)
+ g0
(
3
2
µL4
(
[2(4piT )− rh(9a3rh + 4a2)] + rh
[
2a22r
2
h + 3(4piT )rh(a3rh − 3a2) + 2(4piT )2
])
+ 4r3h
)
− 3(4piT )g2µL4r2h [(4piT )rh + 2] . (28)
The situation for g0 is quite similar to the situation for a2. While it appears as a free parameter
in the near horizon expansion, a numerical analysis reveals that the solution for g(r) only joins
smoothly onto the asymptotic solution if the parameter g0 takes on a special value, which we will
denote as g?0. Again, if we demand a smooth µ→ 0 limit of the near horizon solution this fixes all
of the derivatives of g?0, with the first few reading
g
(0)
0 =
3
r3h
, g
(1)
0 = −
219L4
4r7h
, g
(2)
0 =
3681L4
r11h
, g
(3)
0 = −
22862007L12
32r15h
, (29)
where g
(n)
0 ≡ [(d/dµ)ng0(µ)] |µ=0. Once again, due to the growth of the coefficients, a power series
for g0 based on this expansion does not converge — it is a smooth but non-analytic function of the
coupling µ.
2.3 Numerical solution
Let us now construct the full solution numerically. We start again by discussing the construction
of the numerical solution for f(r). This has been discussed previously e.g., [24], but we include
the details here for completeness, since the situation for g(r) is very similar.
The basic idea here is to use the near horizon expansion constructed in Section 2.2 to generate
initial data to be used in a numerical solver that integrates from the horizon toward infinity (or
toward the origin). For r close to rh we can, to a good approximation, keep only the first two terms
in the near horizon expansion,
f(r) ≈ 4piT (r − rh) + a2(r − rh)2 . (30)
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Figure 1: Here we show an interpolation of the numerically determined value of a?2 (left) and g
?
0
(right) as functions of the higher-curvature coupling µ. The red dots indicate the values for the
Einstein gravity solution, which read: a2 = −1/(4M2) and g0 = 3/(8M3). We have set L = M .
We write r = rh + M where  is a small quantity that we take to be ±10−5. The plus sign is
chosen for constructing the exterior solution, while the minus sign is chosen to construct the interior
solution.
Of course, a priori a2 is a free parameter in the near horizon solution. However, not all choices
of a2 will lead to a sensible solution at large distances. In fact, we find that a2 must take on a
uniquely determined value to join the numerical solution smoothly to the asymptotic expansion and
avoid exciting the exponentially growing mode in (16) — we refer to this value as a?2. The shooting
method is used to determine this special value of a?2, using the following idea. For a given choice of
M and the coupling µ, a value rmax is chosen by the requirement that the asymptotic solution is a
good approximation for r > rmax. Then for a choice of a2 the field equation is solved numerically,
giving a value fnumeric(rmax; a2) that can be compared with the asymptotic expansion. The scheme
is successful when the numerically determined result fnumeric(rmax; a2) agrees with the asymptotic
expansion at rmax — the result for a
?
2 is shown in the left plot of Figure 1.
4 By scanning the
parameter space (see e.g., [37, 72]) it can be confirmed that there is only one value of a?2 for which
this happens. In practice, a?2 must be computed with very high precision in order to numerically
solve the field equations at large distances. Inevitably, for any chosen precision, the numerical
method will fail for large enough r, though this point of failure can be pushed to larger distances
by increasing the precision of a?2. The idea then is to use the numerical scheme to compute the
solution up to rmax, and then use the asymptotic solution to continue it toward infinity.
Once the value of a?2 is determined through the procedure just described, the solution for r < rh
can be constructed. In this case the idea is to choose  to be some small negative number to
construct initial data just inside the horizon. The solution can then be constructed numerically for
all r < rh, and no issues arise.
The basic idea for constructing the numerical solution for g(r) is the same as for f(r). Since the
equation for g(r) depends on f(r) we first construct a numerical solution for f(r) as just described.
4An additional step that one can perform is to compute the integrated residual
∫ rmax
rmax−δ |fnumeric(r)− fasymp(r)|dr
where δ is some small positive quantity, and determine a?2 through its minimization. This eliminates the possiblity
that perhaps the numerical solution simply passes through the asymptotic solution at rmax.
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Figure 2: Here we show numerical profiles for the metric functions f(r) (left) and h(r) ≡ r2p(r)
(right). In each case, the blue curves correspond to µ = 0.1, 1, 5, 15, 50 in order of decreasing
opacity, while the red curves illustrate the profile in Einstein gravity, given by f(r) = 1 − 2M/r
and h(r) = −2M/r.
We then use the near horizon expansion for g(r) to establish initial data for the numerical routine.
The near horizon solution for g(r) does not fix the parameter g0, and so we once again have a one-
parameter family of initial data. However, just as was the case for a2 in the solution for f(r), we
find that g0 must take on a uniquely fixed value g
?
0 so that the numerical solution connects smoothly
with the asymptotic expansion for g(r), and avoids exciting the growing mode. The specific value
for g?0 is determined in a way completely analogous to the value of a
?
2: using the shooting method,
terminating the procedure when the numerically constructed solution gnumeric(r; g0) agrees with the
asymptotic solution at a large value of r where the asymptotic solution is a good approximation —
the result is shown in the right plot of Figure 1.
Once the solution for g(r) is constructed, it can then be numerically integrated to determine
p(r). We start the numerical integration at r = ∞ so that p(r) → 0 as r → ∞, ensuring that the
solution is written in a frame that does not rotate at infinity. In Figure 2 we show the numerically
constructed profiles for the metric functions for different choices of the coupling. On the left we
show f(r), where we see that the effect of the higher-curvature corrections is to push the horizon
outward and ensure that f(r)→ constant as r → 0. On the right we show h(r) = r2p(r), which is
the combination appearing in gtφ, neglecting the spin parameter a and the angular piece (1− x2).
Here the curves all approach h(r) → 0 as r → 0, rather than decaying as r−1 as is the case in
Einstein gravity.
The fact that h(r) is bounded in all its domain has some interesting consequences. For the
Kerr solution, the slowly rotating approximation only works for large enough r. If χ = a/M  1
this approximation is valid up to the level of the horizon, but it always breaks down when r → 0,
because gtφ diverges and rotation becomes important. However, in the case of ECG we can see
that gtφ = ah(r) sin
2 θ is bounded for all values of r (more importantly, gtφ/gφφ is bounded). This
means that if χ is small enough so that the maximum value of gtφ/gφφ is also sufficiently small, the
slowly rotating approximation could be valid for all r. More interestingly, we observe that when
M → 0 and we keep χ constant, the quantity ah(r) = χMh(r) goes to zero everywhere. This is
telling us that, in the regime where M  Lµ1/4, the slowly rotating approximation is probably
valid even for large χ, since the effect of rotation is almost negligible. This seems to indicate that
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Figure 3: Numerical profiles for the metric functions f(r) (left) and Mh(r) = Mr2p(r) (right) for
fixed µL4 and several values of the mass. From red to blue curves the mass ranges from 3430µ
1/4L
to 130µ
1/4L. For fixed χ = a/M , rotation becomes irrelevant when M  µ1/4L, and the zero-mass
limit seems to correspond to a non-rotating extremal black hole of vanishing area. The dashed lines
in the right plot correspond to the part of the solution which is inside the horizon.
the maximum value for the angular momentum in these black holes could be larger than in general
relativity. This is, there would be black holes with a > M (and even with a  M if M is small).
But in order to check this one would need at least to compute the solution at order O(a2), to ensure
that these terms are indeed irrelevant when M  Lµ1/4.
In Fig. 2 we have plotted f(r) and h(r) for a fixed value of the mass and various values of the
coupling µL4, in order to explore how the solution is affected by the ECG correction. However, in
practice we would have a fixed value of µL4 and black holes of several masses. The effects of the
corrections outside of the horizon only become relevant when the mass (or the horizon radius) is of
the order of µ1/4L, and it is interesting to see how the profile of the solution changes with the mass.
In Fig. 3 we show the profiles of f(r) and Mh(r) for fixed µL4 and various masses. As we mentioned,
Mh(r) goes to 0 everywhere for small masses. We also observe a very interesting phenomenon in
the case of f(r) when M → 0. While the radius rh vanishes in that limit, the solution develops a
potential well of length ∼ µ1/4L that is present for arbitrarily small mass. Thus, the zero mass limit
of these black holes is not flat space. Instead, it seems to a be a massless, non-rotating extremal
black hole whose horizon is reduced to a point (and coincides with a curvature singularity). This
intriguing behavior will prove to have remarkable observational consequences.
3 Properties of the solution
In this section we study several physical properties of the solutions constructed above. Firstly,
we evaluate the angular velocity of the horizon as a function of the mass. Then, we move on to
the study of geodesics. We find the general equations and then we compute the photon sphere.
Then, restricting the discussion to geodesics in the equatorial plane, we compute the innermost
stable circular orbit for timelike geodesics, photon rings and the Lyapunov exponents associated
with their instability, and finally we study how the black hole shadow is modified with respect to
the Einstein gravity case.
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Figure 4: Angular velocity of the horizon as a function of the mass for fixed χ. In red we show the
result in Einstein gravity (Ω = χ/(4M)) and in blue the case of ECG. The mass M is expressed in
units of µ1/4L and Ω in the reciprocal units.
3.1 Angular velocity of the horizon
The angular velocity of the horizon is defined as
Ω = − gtφ
gφφ
∣∣∣∣
r=rh
. (31)
In the perturbative regime, using Eqs. (11) and (12), we get
Ω =
χ
4M
[
1− 35µL
4
64M4
+
26199µ2L8
53248M8
+ . . .
]
. (32)
This expression works nicely for M & 1.7µ1/4L. For smaller values of M we need to use the
numerical solution, and in that case we get the profile of Ω shown in Fig. 4. We observe that,
unlike the Einstein gravity case, Ω no longer diverges for M → 0. Instead, there is a maximum
value Ωmax that is reached at a mass M(Ωmax):
Ωmax ≈ 0.1736χ
µ1/4L
, M(Ωmax) ≈ 1.02µ1/4L . (33)
When M → 0 the angular velocity also vanishes. Let us note that if we take χ to be small enough,
the angular velocity remains small for every value of the mass, and hence the slowly spinning
approximation should work for all masses. Nevertheless, for larger χ this approximation will break
down at some point, and we expect the relation shown in Fig. 4 to be modified at small masses.
An interesting question is whether a maximum value of Ω would persist in that case. In order to
answer it we would need to find the solution at least at order O(a2).
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3.2 Geodesics
Let us study the geodesics of the slowly rotating solution. We can do that in general for a metric
of the form
ds2 = −f(r)dt2 + dr
2
f(r)
+ 2ah(r) sin2 θdtdφ+ r2
(
dθ2 + sin2 θdφ2
)
. (34)
The geodesics are most conveniently studied by introducing the Lagrangian
L =
1
2
gabx˙
ax˙b , (35)
where x˙a = dxa/dλ, and where λ is an affine parameter. From the Lagrangian we may construct
the conjugate momenta and the Hamiltonian, that read
pa = gabx˙
b , H =
1
2
gabpapb . (36)
Then, we can write the Hamilton-Jacobi equation,
∂S
∂λ
=
1
2
gab
∂S
∂xa
∂S
∂xb
. (37)
If we manage to solve this equation for the function S, then we get the solutions of the equations
of motion using
pa =
∂S
∂xa
. (38)
We apply this method for the metric eq. (34). Since the Hamiltonian does not depend explicitly
on t, φ and λ, we can write
S = −1
2
ξ2λ− Et+ `zφ+ S˜(r, θ) , (39)
where ξ2, E and `z are constants. Let us further assume that the function S˜(r, θ) can be expressed
as S˜(r, θ) = S˜r(r) + S˜θ(θ). Inserting this into the Hamilton-Jacobi equation, we realize that it is
indeed separable:5(
∂Sθ
∂θ
)2
+
`2z
sin2 θ
= −r2ξ2 + r
2E2
f(r)
+
2ah(r)E`z
f(r)
− r2f(r)
(
∂Sr
∂r
)2
. (40)
Since the left-hand-side only depends on θ while the right-hand-side only depends on r, we conclude
that both terms are equal to a constant, that we may call j2. Therefore, we have determined all
the derivatives of S,
∂S
∂t
= −E , (41)
∂S
∂φ
= `z . (42)
∂S
∂θ
= ±
√
j2 − `
2
z
sin2 θ
, (43)
∂S
∂r
= ±
√
− j
2
r2f(r)
− ξ
2
f(r)
+
E2
f(r)2
+
2ah(r)E`z
r2f(r)2
. (44)
5We only keep terms linear in the spin a.
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Now we substitute ∂aS → pa, where the momenta read
pt = −f(r)t˙+ ah(r) sin2 θφ˙ , pφ = ah(r) sin2 θt˙+ r2 sin2 θφ˙ , pθ = r2θ˙ , pr = r˙
f(r)
(45)
yielding a system of first-order equations,
r2t˙ =
Er2 + ah(r)`z
f(r)
, (46)
r2φ˙ =
`z
sin2 θ
− ah(r)E
f(r)
, (47)
r2θ˙ = ±
√
j2 − `
2
z
sin2 θ
, (48)
r˙2 = −f(r)
(
ξ2 +
j2
r2
)
+ E2 +
2ah(r)E`z
r2
, (49)
where again we are expanding linearly in a. It is clear that, asymptotically, j2 represents the total
angular momentum of the orbit, while `z is the component of the angular momentum in the z axis
(this is, θ = 0, pi). On the other hand, ξ2 is the norm of the tangent vector
ξ2 = −gabx˙ax˙b . (50)
3.2.1 The photon sphere
For null geodesics, we have ξ2 = 0, and rescaling the affine parameter λ, we can always choose
E = 1. Let us then write the equation for the radial coordinate as
r˙2 + Vph(r) = 0 , where Vph(r) =
j2f(r)− 2a`zh(r)
r2
− 1 . (51)
The photon sphere is formed by constant-r photon orbits, that appear when
Vph(rps) = 0 , V
′
ph(rps) = 0 . (52)
These conditions give us the radius of these orbits rps as well as the value of j
2
ps. Since we are
working perturbatively in a, let us write these quantities as
rps = r
(0)
ps + ar
(1)
ps , j
2
ps = (j
(0)
ps )
2 + a(j(1)ps )
2 . (53)
We find that r
(0)
ps is determined by the equation
r(0)ps f
′(r(0)ps )− 2f(r(0)ps ) = 0 , (54)
and the rest of quantities read
rps = r
(0)
ps +
2a`zf(rh
′ − 2h)
r(r2f ′′ − 2f)
∣∣∣∣
r=r
(0)
ps
, (55)
j2ps =
(r
(0)
ps )2
f(r
(0)
ps )
+
2a`zh(r
(0)
ps )
f(r
(0)
ps )
. (56)
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Thus, every choice of `z produces a family of constant-r geodesics. Observe that in the case
of equatorial orbits we have `z = ±|jps| and this fixes two types of orbits, either prograde or
retrograde.
In the case at hand, when µL4/M4  1 we may use the perturbative solution and we get
rps = 3M +
13µL4
81M3
+
1295µ2L8
59049M7
− a`z
M
[
2
9
− 460µL
4
6561M4
+
764µ2L8
1594323M8
]
. (57)
j2ps = 27M
2 +
35L4µ
27M2
− 2806L
8µ2
19683M6
+
a`z
M
[
4M − 140L
4µ
243M3
− 48790L
8µ2
2302911M7
]
. (58)
On the other hand, when µL4/M4 becomes of order 1 or larger we need to use the numerical
solution — see section 3.4 below.
3.3 Geodesics in the equatorial plane
Here we consider geodesics confined to the equatorial plane, i.e., x = 0. For this purpose, we
will specialize the results from the previous subsection to this situation, which amounts to setting
θ = pi/2 and θ˙ = 0. Note that, via these two constraints it is enforced that j2 = `2z. We can
understand eq. (49) as analogous to that describing a particle moving in a potential,
r˙2 + Veff(r) = 0 , where Veff(r) ≡ f(r)
(
µ2 +
j2
r2
)
− 2ah(r)Ej
r2
− E2 . (59)
In the following two sub-sections, we will consider the special case of circular orbits, determining
the inner-most stable circular orbit (ISCO) for timelike geodesics, and the photon ring for null
geodesics.
3.3.1 Timelike geodesics: ISCO
First let us consider the case of circular, timelike geodesics, i.e., those with ξ2 = 1 and r˙ = 0. The
conditions for the existence of these geodesics are
Veff(r) = 0 , V
′
eff(r) = 0 , (60)
and the stability of the circular orbit can be deduced by considering the sign of V ′′eff(r), with
V ′′eff(r) > 0 indicating stability and V
′′
eff(r) < 0 indicating instability. We can determine the location
of the inner-most stable circular orbit by searching for circular orbits that are also inflection points,
i.e., orbits for which V ′′eff(r) = 0, leading to three conditions on the parameters r, E, and j.
We wish to solve these equations, working to linear order in the rotation parameter. To this
end, we make the following definitions:
rISCO = r
(0)
ISCO + ar
(1)
ISCO , EISCO = E
(0)
ISCO + aE
(1)
ISCO , jISCO = j
(0)
ISCO + aj
(1)
ISCO . (61)
Substituting these into the conditions dnVeff(r)/dr
n = 0 for n = 0, 1, 2 and expanding to linear
order in a yields a system of six equations that must be solved. These equations themselves are
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not particularly illuminating, but let us note that within the perturbative regime they admit the
following solution:
rISCO = 6M
[
1 +
101µL4
3888M4
− 499601µ
2L8
362797056M8
]
∓ 4a
√
2
3
[
1− 10073µL
4
93312M4
+
92651747µ2L8
17414258688M8
]
, (62)
EISCO =
2
√
2
3
[
1 +
267µL4
279936M4
− 782985µ
2L8
17414258688M8
]
∓ a
18
√
3M
[
1− 499µL
4
5184M4
+
20883769µ2L8
2358180864M8
]
,
jISCO = ±2
√
3M
[
1 +
59µL4
11664M4
− 355163µ
2L8
2176782336M8
]
− 2
√
2a
3
[
1 +
4603µL4
93312M4
− 21098789µ
2L8
5804752896M8
]
.
Here taking the upper sign describes the ISCO for prograde orbits (j
(0)
ISCO > 0), while the lower
sign describes the ISCO for retrograde orbits (j
(0)
ISCO < 0). The perturbative solution provides an
accurate description when M/(µ1/4L) ' 1.5, but for smaller masses we must resort to the numerical
solution. The results for each of the parameters are plotted in Figure 5. The corrections due to
ECG become most significant for small masses, where they can either increase or decrease the
relevant parameters.
3.3.2 Null geodesics: photon rings
Let us now consider how the rotation deforms the photon rings of the black hole. The photon
rings are circular orbits (i.e., having r = constant) for null geodesics lying in the equatorial plane
x = 0. We therefore must seek determine the simultaneous zeros of the effective potential and its
first derivative. In this case, rather than work with the conserved quantities E and j, we will use
the angular velocity ω ≡ dφ/dt, which is conserved along the photon trajectory. Written in terms
of the angular velocity, the conditions determining the location of the photon rings read
0 = ω2r2 + 2aωh(r)− f(r) , (63)
0 = 2ω2r + 2aωh′(r)− f ′(r) . (64)
To solve these equations to first order in a it is useful to consider first the case where the rotation
vanishes, corresponding to the photon sphere of the static, spherically symmetric solution. The
equations reduce to
rpsf
′(rps)
2
− f(rps) = 0 , ωps =
√
f(rps)
rps
, (65)
where the first equation determines rps — the radius of the photon sphere in the static solution
— and we find that the solution is unique. Once rps is known, the second equation determines the
angular velocity. When the rotation is non-trivial, Eqs. (63) and (64) admit two distinct solutions
for the radius of the photon rings and the angular velocity. We write the corrected radius of the
photon ring, denoted rpr±, in the following way
rpr± = rps ± ar(1)pr , (66)
where the leading order correction r
(1)
pr is given by
r(1)pr =
2
√
f(rps)[rpsh
′(rps)− 2h(rps)]
2f(rps)− r2psf ′′(rps)
, (67)
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Figure 5: Here we plot the parameters describing the ISCO. In the left column we present the
zeroth-order terms, which are those corresponding to the static solution. The right column shows
the leading-order correction due to rotation. In each case, the blue curves represent the ECG result,
while the red curves represent the Einstein gravity result. In all cases the mass is expressed in units
of µ1/4L.
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Figure 6: Parameters describing the photon ring. The top row shows the radius of the photon
ring, while the bottom row shows the angular velocity of the photon ring. The left column shows
these parameters in the static case, while the right column shows the leading-order corrections due
to rotation. In each plot the mass is expressed in units of µ1/4L, and the red curves indicate the
Einstein gravity result.
and so it can be directly computed from the numeric/approximate solutions once the value of rps
characterizing the static solution is known. The results can then be plugged into the expression for
the angular velocity and expanding to linear order in a, we obtain two solutions
ωpr± = ∓ω(0)ps + aω(1)pr = ∓
√
f(rps)
rps
− ah(rps)
r2ps
. (68)
where the plus sign corresponds to the prograde photon ring and the minus sign corresponds to the
retrograde photon ring.
Using the perturbative expansions for the metric functions, we can write
rpr = 3M +
13µL4
81M3
+
1295µ2L8
59049M7
± a
(
2√
3
− 425µL
4
729
√
3M4
− 13033µ
2L8
2125764
√
3M8
)
, (69)
ωpr = ∓
(
1
3
√
3M
− 35µL
4
4374
√
3M5
− 7549µ
2L8
12754584
√
3M9
)
+ a
(
2
27M2
− 280µL
4
19683M6
− 6247µ
2L8
62178597M10
)
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Figure 7: Here we show the ratio of angular velocities for the photon rings as a function of the spin
parameter a/M . The red curve corresponds to Einstein gravity, while the blue curves correspond
to different values of µ ranging from µ = 1/10 (darkest curve) to µ = 74/5 (lightest curve), with
the intermediate curves spaced by ∆µ = 3/2. We have set L = M .
In Figure 6 we plot the corrections to the radius and angular velocity of the photon sphere as
a function of the black hole mass. In the case of the zeroth-order terms, which correspond to the
static solution, the ECG corrections are most prominent at small mass.
In Figure 7 we depict the ratio ω+/|ω− for several values of the higher-order coupling. The
idea here is the same as that in [68] — in Einstein gravity this ratio is controlled only by the
spin parameter, while here it depends also on the higher-order coupling. This feature could, in
principle, be used to constrain the values of the ECG coupling, provided the spin parameter could
be independently measured. From this plot we note that the effect of the ECG correction is to
push this ratio below the corresponding curve for Einstein gravity. As the ECG coupling increases,
the curves begin to “bunch up” — in other words, the ratio is most sensitive to small differences
in the coupling when the coupling is small.
We turn next to the question of stability of the photon ring orbits. Of course, it comes as no
surprise that these orbits are unstable. Our goal is to compute the Lyapunov exponent associated
with this instability. It has long been known [74] that the quasi-normal mode frequencies, in the
Eikonal approximation, are related to the properties of unstable null geodesics. Specifically, the
real part of the quasi-normal mode frequencies is related to the angular velocity of the unstable null
orbit, while the imaginary part is related to the Lyapunov exponent. For any static, spherically
symmetric spacetime one can prove this relationship to be [75]:
ωQNM = ωps`− i(n+ 1/2)|λ| (70)
where λ is the Lyapunov exponent associated with the orbit.
To extract the Lyapunov exponent, we will follow [74]. We consider a solution of the equatorial
geodesic equations corresponding to the photon ring. We then perturb those equations according
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Figure 8: Lyapunov exponent for photon ring. The left panel shows the zeroth-order term, corre-
sponding to the static solution, while the right panel shows the leading correction due to rotation.
In each case the red curve corresponds to the Einstein gravity result, while the blue curve is the
ECG case. The mass is expressed in units of µ1/4L.
to
r(t) = rps(1 + F (t)) , s(t) =
t
α
+ G(t) , φ(t) = |ω±|(1 + H(t)) (71)
where  is a small parameter controlling the perturbation and the system is subject to the boundary
condition that the perturbation vanishes at t = 0. In the above, the constant α gives the relationship
between the affine parameter s and the coordinate time t in the absence of the perturbation:
α ≡ t˙∣∣
r→rps . (72)
The only relevant correction for our purposes here is F (t). This can be obtained via expanding the
equation (59) involving the effective potential to first-order in the perturbation. The differential
equation reads
d2r
ds2
+
1
2
dVeff
dr
= 0 . (73)
When we expand this to leading order in , we obtain
2α2F ′′(t) + V ′′eff(rps)F (t) = 0 . (74)
Imposing the condition F (0) = 0 gives the solution
F (t) ∝ sinhλt (75)
where
λ2 ≡ −V
′′
eff(rps)
2α2
. (76)
As with the other quantities, we write the Lyapunov exponent as a zeroth-order term plus a
correction linear in a:
λ = λ(0) + aλ(1) . (77)
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Although expressions for λ(0) and λ(1) can easily be obtained in terms of the metric functions, the
resulting expressions are quite messy. When the mass is large we can obtain a perturbative solution
for the Lyapunov exponent
λ =
1
2
√
3M
+
91µL4
4374
√
3M5
+
50987µ2L8
12754584
√
3M9
∓ a
(
28µL4
729M6
− 1531µ
2L8
177147M10
)
(78)
but when the mass, expressed in units of µ1/4L, becomes small we must, as before, resort to
numerics. The results are shown in Figure 8. The zeroth-order term, which corresponds to the
Lyapunov exponent for the static solutions, differs significantly from the Einstein gravity result at
small mass. In particular, it reaches a maximum before turning rapidly toward zero in the small
mass regime. This behavior is somewhat similar to that seen for rotating black holes in the extremal
limit [75]. The leading-order correction due to rotation oscillates around the Einstein gravity value,
with the ECG corrections becoming negligible at both small and large masses. The effect of this
oscillation is to introduce a mass dependence to the slope of the Lynapunov exponent (as a function
of a) in ECG.
3.4 Black hole shadow
Let us consider an observer that is placed far from the black hole, at a radius r0, polar angle θ0
and, without loss of generality φ0 = 0. Then this observer receives a photon that moves in the
direction dr/dt > 0 and whose trajectory is defined by the angular momentum parameters j2 and
`z. We want to determine the angle of incidence of this photon to the plane perpendicular to the
r direction at the position of the observer. The spatial tangent vector at that point is
u = −r˙er + r0θ˙eθ + r0 sin θ0φ˙eφ , (79)
where we have introduced the following orthonormal system for the observer, who is looking directly
toward the black hole
er = −∂r , eθ = ∂θ
r0
, eφ =
∂φ
r0 sin θ0
. (80)
Let us define pi/2− δ as the angle of incidence of the photon on the plane r = r0 and α as the angle
that the projected vector forms with the direction eφ. In other words, we parametrize the tangent
vector as
u = −r˙er + sin δ (eθ sinα+ eφ cosα) , (81)
sin δ = r0
√
θ˙2 + sin2 θ0φ˙2 , cosα =
sin θ0φ˙√
θ˙2 + sin2 θ0φ˙2
. (82)
In these expressions we have already assumed that r0
√
θ˙2 + sin2 θ0φ˙2  1 because we are taking
r0 → ∞. Finally, using the geodesic equations, we can write these angles in terms of the angular
momentum; or conversely, we can express the angular momentum of the geodesic in terms of the
angles:
j = r0 sin δ , `z = r0 sin θ0 cosα sin δ . (83)
Now, the shadow of the black hole is determined by the photons that pass arbitrarily close to the
photon sphere. Remember that for the photons in the photon sphere we have derived a relation
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Figure 9: Properties of the black hole shadow for Einstein gravity (red curve) and Einsteinian cubic
gravity (blue curve). Left: we show the radius Rsh of the shadow as a function of the mass M .
Right: we plot the ratio between the shift of the shadow D and the radius Rsh as a function of the
mass for χ = −0.1. The mass is expressed in units of µ1/4L/G and Rsh in the reciprocal length
units.
between j2 and `z, and therefore the contour of the shadow corresponds precisely to photons with
that value of the angular momentum. Taking into account these points, we derive the following
equation
r20 sin
2 δ =
(r
(0)
ps )2
f(r
(0)
ps )
+
2a sin θ0h(r
(0)
ps )
f(r
(0)
ps )
cosα r0 sin δ , (84)
that determines the contour δ(α) of the black hole shadow. Expanding linearly in a, the solution
to this equation reads
r0 sin δ =
r
(0)
ps√
f(r
(0)
ps )
+
a sin θ0h(r
(0)
ps )
f(r
(0)
ps )
cosα , (85)
Since δ  1 when r0 > r(0)ps , we can approximate sin δ ≈ δ, and we can see that the curve δ(α)
is approximately a circumference of radius Rsh centered at α = 0, r0δ = D, where
Rsh =
r
(0)
ps√
f(r
(0)
ps )
, D = −a sin θ0h(r
(0)
ps )
f(r
(0)
ps )
. (86)
Thus, at first order in a, the effect of rotation is to shift the shadow a distance D from the radial
direction. Let us compute Rsh and D for the slowly rotating ECG black hole. First, if µL
4/M4  1
we can perform a perturbative analysis and we find
Rsh = 3
√
3M+
35L4µ
162
√
3M3
+
1111L8µ2
52488
√
3M7
, D = −a sin θ0
M
(
2M − 70L
4µ
243M3
− 24395L
8µ2
2302911M7
)
. (87)
For large µL4/M4 we need to use the numerical solution, and we find in that case some remark-
able facts. First, we observe that when we decrease M (keeping a/M fixed), the ratio D/M goes
to zero, which is a manifestation of the fact that the effect of rotation becomes irrelevant for these
black holes when the mass is small.
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Figure 10: Contour of the black hole shadow for a fixed mass and for χ = −0.5. In red we show
the Einstein gravity result and in blue the ECG one for several values of the higher-order coupling.
From lighter to darker blue: µ1/4L/M = 1.5, 2, 2.5.
More strikingly, we find that when M → 0, the radius of the shadow Rsh tends to a constant
value. Performing a fit to the numerical values, we get that the behavior for M  Lµ−1/4 is
Rsh ≈ 1.6L
µ1/4
+ 4.86M when M → 0 . (88)
In Fig. 9 we show the profile of Rsh and D/Rsh as functions of the mass and in Fig. 10 we plot the
contour of the shadow. We observe that the effect of the ECG term is to make the shadow larger
and more centered with respect to the situation in Einstein gravity.
4 Asymptotically AdS solutions
In this section we study the case of slowly rotating black holes in ECG with a negative cosmological
constant. The action reads
I =
1
16piG
∫
d4x
√−g
[
6
L2
+R− µL
4
8
P
]
, (89)
where now L would coincide with the AdS scale if the corrections were not present. Instead, the
AdS radius L˜ = L/
√
f∞ is determined by the cubic equation
h(f∞) = 1− f∞ + µf3∞ = 0 . (90)
Here we have introduced the function h(x) which we will refer to as the embedding function.6
6This has been sometimes called characteristic polynomial, and it has been shown to be useful in characterizing
the thermodynamic properties of black holes [13, 45, 64, 76, 77].
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The ansatz for the slowly rotating black holes takes the form,
ds2 = −N(r)2f(r)dt2 + dr
2
f(r)
+ 2ar2p(r)(1− kx2)dtdφ+ r2
[
dx2
1− kx2 + (1− kx
2)dφ2
]
, (91)
where again we work to linear order in the rotation parameter a. Unlike the asymptotically flat
case, we can also consider planar k = 0 or hyperbolic k = −1 transverse sections, besides spherical
ones k = 1. We will mainly focus on the latter case, but we will write the basic equations for
general k. The equations of motion can be reduced, again, to two second-order equations for f and
for g = p′, with two integration constants, M and C:
2GM = r3/L2 + r(k − f) + µL
4
4r2
[
6
(
rf ′
2
+ k − f
)
f ′′f − (r2f ′2 + 3rkf ′ + 6f(k − f)) f ′] , (92)
C = r4g − 3µL
4
2
[(
rf ′
2
+ k − f
)
r2fg′′ +
(
r2f
2
f ′′ +
r2f ′2
2
+
r(2k − f)f ′
2
+ 2f(k − f)
)
g′
− 5
(
−3r
2
10
(
−rf
′
3
+ k +
2f
3
)
f ′′ − r
2f ′2
2
+
r(k + 7f)f ′
5
+ (k − f)
(
k +
6
5
f
))
g
]
. (93)
On the other hand, N is constant again.
4.1 Asymptotic solution
As we did before for the asymptotically flat case, we have to determine first the asymptotic behavior
of the solution. We assume that f and g can be expressed as a particular solution in the form of a
1/r expansion, plus the general solution of the corresponding homogeneous equation:
f(r) = f1/r(r) + fh(r) , g(r) = g1/r(r) + gh(r) . (94)
The large-r expansions read
f1/r =f∞
r2
L2
+ k +
2M
h′(f∞)r
+
42M2L2µf∞
[h′(f∞)]3 r4
+
27kM2L4µ
[h′(f∞)]3 r6
+O (r−7) , (95)
g1/r(r) =−
C
h′(f∞)r4
− 42CML
2µf∞
[h′(f∞)]3 r7
+
3CML4µ(23− 3786µf2∞)
[h′(f∞)]5 r10
+O (r−12) . (96)
On the other hand, the linearized homogeneous equations satisfied by fh(r) and gh(r) in the large-r
limit, read
9Mf∞L2µ
2h′(f∞)
f ′′h (r) +
18ML2µf∞
[h′(f∞)]r
f ′h(r)− h′(f∞)rfh(r) = 0 , (97)
9Mf∞L2µ
2h′(f∞)
g′′h(r) +
27Mf∞L2µ
2rh′(f∞)
g′h(r)− h′(f∞)rgh(r) = 0 (98)
These equations are identical and have the following solutions
fh(r) ∼ A1r−3/2I1
(
−2
√
2r3/2h′(f∞)
9L
√
Mµf∞
)
+B1r
−3/2K1
(
2
√
2r3/2h′(f∞)
9L
√
Mµf∞
)
, (99)
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gh(r) ∼∼ A2r−3/2I1
(
−2
√
2r3/2h′(f∞)
9L
√
Mµf∞
)
+B2r
−3/2K1
(
2
√
2r3/2h′(f∞)
9L
√
Mµf∞
)
(100)
where Kα(x) and Iα(x) are modified Bessel functions. Thus, in order to guarantee a regular
asymptotic limit we demand µ > 0, in which case by setting A1 = A2 = 0 the homogeneous
solutions decay faster than exponentially at infinity.7
In the limit of large-r, the behavior of p(r) is accurately described by integrating just the
particular solution g1/r(r). This gives
p(r) = −Ω∞
a
+
C
3 [h′(f∞)] r3
+
7CµML2f∞
[h′(f∞)]3 r6
+
CµM2L4(−23 + 3786µf2∞)
3 [h′(f∞)]5 r9
+O (r−11) , (101)
where Ω∞ is a constant of integration which corresponds to the asymptotic angular velocity of
the spacetime. From now on we will set Ω∞ = 0. To interpret the integration constant C, we
will require that our solution asymptotically approaches the slow rotation limit of the Kerr-AdS
solution with appropriately rescaled cosmological length scale and ADM charges [78–82]:
ds2 →−
(
f∞
r2
L2
+ k +
2M
h′(f∞)r
)
dt2 +
4Ma(1− kx2)
h′(f∞)r
dtdφ+
(
f∞
r2
L2
+ k +
2M
h′(f∞)r
)−1
dr2
+
r2dx2
1− kx2 + r
2(1− kx2)dφ2 . (102)
Noting that gtφ ∼ −(1− kx2)2JGeff/r, where Geff = −G/h′(f∞), comparing this with our asymp-
totic expansion for p(r) reveals
C = 6M (103)
analogous to the asymptotically flat case, with J = aM .
4.2 Near horizon solution
The analysis of the near-horizon regime is completely analogous to the asymptotically flat case,
so let us be brief. Near the horizon r = rh, the functions f and g are required to admit a series
expansion of the form
f(r) = 4piT (r − rh) +
∑
n=2
an(r − rh)n , g(r) =
∑
n=0
gn(r − rh)n , (104)
for certain coefficients an and gn. Together with an infinity number of equations for these param-
eters, the equation for f (92) yields two constraints between the mass, the temperature and the
horizon radius:8
2GM = krh +
r3h
L2
− 3k(4piT )
2µL4
4rh
− (4piT )
3µL4
4
,
0 = −k + 4piTrh − 3r
2
h
L2
+
3k(4piT )2µL4
4r2h
. (105)
7We always assume h′(f∞) < 0.
8For a detailed analysis of the thermodynamic properties of static black holes, see [38].
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On the other hand, we find that all the coefficients an≥3 are determined by a2. In the same way,
the full sequence of coefficients gn contains only a free parameter which can be taken to be g0. This
is completely analogous to the asymptotically flat case. In particular, the few first relationships
read
6M = g0
(
3
4
µL4
(
2krh [(4piT )− 3a2rh] + (4piT )r2h [2a2rh − 5(4piT )] + 10k2
)
+ r4h
)
− 3
4
(4piT )g1µL
4rh [(4piT )rh + 2k] , (106)
0 = g1
(
3
4
µL4
(−2krh [5a2rh + 3(4piT )]− (4piT )r2h [4a2rh + 7(4piT )] + 10k2)+ r4h)
+ g0
(
3
2
µL4
(
k [2(4piT )− rh(9a3rh + 4a2)] + rh
[
2a22r
2
h + 3(4piT )rh(a3rh − 3a2) + 2(4piT )2
])
+ 4r3h
)
− 3(4piT )g2µL4r2h [(4piT )rh + 2k] . (107)
Thus, we need to fix the values of a2 and g0 in order to obtain a solution. These are fixed by
requiring that the solution has the correct behavior at infinity that we determined above.
4.3 Numerical solution
The space of solutions in the AdS case is richer than in the flat case since the black holes depend
now on two parameters: the mass and the cosmological constant. When the cosmological constant
is zero, the corrections only depend on the dimensionless combination µL4/M2, and thus we only
need to vary this parameter in order to sample the full space of solutions. In the AdS case, the
corrections have two effects. On the one hand, they always become relevant for black holes of small
masses, just like in the flat case — in fact, for small black holes the effect of the cosmological
constant is irrelevant. On the other hand, the corrections change the structure of the vacuum, so
the modifications to black holes can be important even if the black holes are not small. In fact,
there is a maximum value for the parameter µ for which an AdS vacuum exists. The maximum
value is µcr =
4
27 , in whose case the AdS radius takes the value L˜
2 = 23L
2 and the theory is said
to be at the critical point [36]. The critical limit is characterized by the divergence of the effective
Newton’s constant, which in general reads
Geff =
G
1− 3µf2∞
, (108)
or equivalently by the vanishing of the linearized equations on AdS. Let us now show our results
for the rotating black hole solutions.
In the small coupling limit, µ  1 and µL4/M4  1, we can obtain an approximate solution
by performing a perturbative expansion of the functions f and p. The result reads
f(r) =
r2
L2
+ 1− 2M
r
+ µ
[
r2
L2
− 6M
r
− 42L
2M2
r4
− 27L
4M2
r6
+
46L4M3
r7
]
, (109)
r2p(r) =− 2M
r
+ µ
[
−6M
r
− 42L
2M2
r4
+
46L4M3
r7
]
. (110)
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Figure 11: Rotating AdS black holes in Einsteinian cubic gravity. We show solutions with rh = L
and for µ = 0, 0.04, 0.08, 0.11, 0.13, 0.14, 0.145, 4/27, with the µ = 0 Einstein solution the
lowermost curves in red. Left: function f(r) normalized by 1+r2/L2. Right: function h(r) = r2p(r).
Let us note that the O(r2) and O(1/r) terms are related to the corrections to the AdS radius and
to Geff . From these equations we can get for instance the mass and the angular velocity of the
horizon as a function of the radius,
M =
rh
(
L2 + r2h
)
2L2
+ µ
[
−27r
3
h
8L2
− 27rh
4
− 27L
2
8rh
− L
4
2r3h
]
, (111)
Ω =a
[
1
L2
+
1
r2h
+ µ
(
1
L2
− 27
4r2h
− 27L
2
2r4h
− 27L
4
4r6h
)]
, (112)
perturbatively in µ.
If we wish to study the solution for higher values of the coupling or for small masses, we need to
resort to numerical methods. Equations (92) and (93) can be solved numerically by imposing the
boundary conditions described in the previous subsection. For illustration purposes, let us study
how the corrections modify the black hole solutions when we fix the size of the horizon while varying
µ from zero to the critical value. In Fig. 11 we show the numerical solution for black holes of radius
rh = L. The main effect of the corrections on the function f is to change its asymptotic behavior
due to the different value of the AdS radius. On the other hand, in the case of the function h,
we see that its value gets smaller as we increase µ. Let us recall that in the metric this function
appears multiplied by a = J/M . Therefore, when we increase µ leaving a and rh fixed, the effect of
the angular momentum becomes less and less relevant. In the critical limit µ→ 4/27 the solution
seems to tend to h→ 0, so that no (regular) rotating solution exists in that case. Let us note that
when we approach the critical limit leaving the radius fixed, the mass goes to zero, so it means that
we can have slowly rotating black holes with aM .
The irrelevance of rotation as we increase µ is better illustrated by looking at the angular
velocity, which we show in Fig. 12. As we can see, ΩL2/a goes to zero as we approach the critical
limit. This is a quite exotic behavior, since in the case of Einstein gravity this quantity is bounded
from below according to ΩL2/a > 1. Now, regarding the absolute value of the angular velocity Ω
and not the ratio Ω/a, if we considered black holes of fixed J and took the critical limit, we would
find that Ω diverges. However, it seems to make more sense to fix a, so that the total angular
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Figure 12: Angular velocity of the horizon as a function of µ for black holes of radius rh = L. The
points represent numerical data while blue curve is a fitting polynomial of degree 4.
momentum J = aM goes to zero in the same way as the mass. In that case, the angular velocity
tends to zero in the critical limit and there are, in fact, no rotating solutions.
4.4 Spinning solutions in the critical limit
As we have just seen, the critical theory is special, as it seems to allow only for massless and spinless
black hole solutions. However, one can have solutions with non-vanishing charges if the condition
of regularity is dropped. In particular, small-mass black holes in the critical theory were studied
in Ref. [36], where they were found to develop a singularity at the horizon. Here, we are going to
study rotating massless black holes.
At the critical point, µ = 4/27, the equation (92) with M = 0 is solved by [36]
f(r) =
3(r2 − r2h)
2L2
. (113)
Thus, when a = 0, the metric (91) represents that of a static black hole with a regular horizon
placed at r = rh. Let us then consider the effect of rotation. After some manipulations, equation
(93) can be written as
C˜ +
(
10L2
3
− 6r2h
)
g − d
dr
[
r2(r2 − r2h)
dg
dr
]
= 0 , (114)
where C˜ is an integration constant related to C. The general solution to this equation can be
expressed in several ways in terms of hypergeometric functions, but the most useful way is the
following one:
g(r) = − C˜(
10L2
3 − 6r2h
) + c1 2F1(1− α, α− 3
2
;−1
2
;
r2h
r2
)
+
c2
r3
2F1
(
5
2
− α, α; 5
2
;
r2h
r2
)
, (115)
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Figure 13: Function h(r) = r2p(r) in the critical limit for several values of rh, corresponding to the
endpoint of each curve. From red to blue we have rh/L = 2, 2.5, 3, 3.5, 4, 4.5, 5.
where
α =
5
4
(
1 +
√
1− 8L
2
15r2h
)
. (116)
Now, the integration constants are fixed by analyzing the asymptotic behavior at infinity, which
reads
g(r) = − C˜(
10L2
3 − 6r2h
) + c1 − (10L2
3
− 6r2h
)
c1
2r2
+
c2
r3
+ . . . . (117)
Now, in terms of the function h(r) = r2p(r), the asymptotic expansion becomes
h(r) = r3
− C˜(
10L2
3 − 6r2h
) + c1
+ (10L2
3
− 6r2h
)
c1r
2
− c2
2
+ . . . . (118)
Since the r3 and r divergent terms are not desired, we must set c1 = C˜ = 0. In that case, the
behavior of h at infinity is h = −c2/2+O(1/r), so that it necessarily tends to a non-vanishing value.
Although this might seem strange, this is similar to what happens to the function f(r) in the critical
limit, which instead of behaving as f(r) = fAdS(r)+O(1/r) it goes as f(r) = fAdS(r)+O(1). Thus,
let us also set c2 = 2, so that the metric component gtφ takes the asymptotic value gtφ → −a sin2 θ.
In this case, a is a parameter that controls the angular momentum, although it no longer can be
interpreted as the angular momentum per mass. The final expression for h(r) after integration of
g(r) reads
h(r) = − r
2(
r2h − 5L
2
9
) [1− 2F1(3
2
− α, α− 1; 3
2
;
r2h
r2
)]
. (119)
It can be checked that this expression is real and regular for any value of rh — in particular, the
limit rh →
√
5/3L is finite. In Fig. 13 we show the profile of h(r) for several values of rh, where
we can see that h(r) is finite everywhere. However, h is not smooth at r = rh, since its expansion
near the horizon contains terms such as (r− rh) log(1− r/rh), so that its derivatives are divergent.
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Figure 14: Angular velocity for the critical rotating black holes as a function of the radius of the
horizon.
The value of h(rh) is rapidly growing as we decrease rh, and as a consequence, the angular
velocity Ω = −ah(rh)/r2h, also becomes very high. The angular velocity is given by
Ω =
a(
r2h − 5L
2
9
) (1− √pi
2Γ
(
5
2 − α
)
Γ (α)
)
, (120)
and we plot it in Fig. 14, where we observe that it diverges exponentially for rh → 0. Obviously,
the slowly rotating approximation is not valid when Ω is large, so we have to restrict to sufficiently
large values of rh.
5 Final comments
In this paper we have constructed the slowly rotating black hole solutions of Einsteinian cubic
gravity both with flat and AdS asymptotes and studied some of their properties. A summary
of our results can be found in the introduction. Let us close with some final comments, mostly
regarding possible future explorations.
In the static case, the order-reduction phenomenon observed in the equations of motion of ECG
turns out to be a general property of GQT gravities in general dimensions and orders. Here we
have observed a similar mechanism taking place in the slowly rotating case. It would be interesting
to explore whether this is a common feature of this general class of theories.
While the slowly rotating black holes of Lovelock theories have been already characterized —
see appendix A — no studies of the kind have been performed, to our knowledge, in the case of
Quasi-topological gravities. It would be of course interesting to fill this gap. Moreover, as described
in the appendix, the slowly rotating solutions in the Lovelock case are completely characterized by
the metric for the static solution. This is reminiscent of the Newman-Janis algorithm and it could
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be interesting to better understand this feature. On the other hand, the slowly rotating solutions
in ECG are not so obviously connected with the properties of the static solution.
In the present paper we have not given much attention to the thermodynamic properties of
the solutions, the reason being that the effect of the angular momentum on the entropy and the
temperature only appears at order O(a2), and hence it is not captured by the leading-order solution.
Nevertheless, it would be interesting to perform this kind of study, particularly from a holographic
perspective.
Finally, a study of the solutions including arbitrary values of the rotation parameter would be
perhaps worth pursuing, but a priori considerably more challenging.
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A Slowly rotating black holes in Lovelock gravities
In this appendix we review the single-axis slowly rotating black holes of Lovelock theories in general
dimensions.
A.1 Einstein gravity
Let us start considering D-dimensional Einstein gravity with a negative cosmological constant,
I =
1
16piG
∫
dDx
√
|g|
[
(D − 1)(D − 2)
L2
+R
]
. (121)
Assuming a single axis of rotation, the slowly rotating version of the Kerr-AdS solution — also
known as Myers-Perry black hole in its more general form for D ≥ 5 — can be written as
ds2 =−
[
k +
r2
L2
g(r)
]
dt2 +
dr2[
k + r
2
L2
g(r)
] + 2ar2
L2
g(r)(1− kx2)dtdφ (122)
+ r2
[
dx2
(1− kx2) + (1− kx
2)dφ2 + x2dσ2(D−4)
]
,
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where:
x ≡ cos θ for k = 1 ; x ≡ cosh θ for k = −1 . (123)
In the second line of eq. (122), r2 multiplies the metric of S(D−2), R(D−2) and H(D−2) for k = 0, 1,−1
respectively, which in the coordinates used above means that dσ2(D−4) is the metric of a round S
(D−4)
for k = ±1, and dσ2(D−4) ≡ d~y2(D−4)/L2, with d~y2(D−4) the metric of (D − 4)-dimensional Euclidean
space for k = 0.
Observe that the same function g(r) which characterizes the static limit of the solution appears
in the only new components arising at order O(a) — namely, gtφ = gφt. The function g(r) is given
by
g(r) =
[
1− 16piGML
2
(D − 2)Ω(D−2)r(D−1)
]
⇒ −gtt = g−1rr =
[
k − 16piGM
(D − 2)Ω(D−2)r(D−3)
+
r2
L2
]
. (124)
In the above expression, M is the ADM mass of the solution, and Ω(D−2) ≡ 2pi
(D−1)
2 /Γ
[
D−1
2
]
is the
area of S(D−2). Naturally, when a → 0, eq. (122) simply reduces to the usual Schwarzschild-AdS
solution with various horizon geometries.
Another convenient set of coordinates is found by setting φ→ φ− at/L2, which replaces
2gtφ → 2gtφ − 2ar
2
L2
(1− kx2) = 2ar
2
L2
[g(r)− 1] (1− kx2) = −32piGM(1− kx
2)
(D − 2)Ω(D−2)r(D−3)
. (125)
The advantage of these coordinates is that the asymptotic angular speed of the solution vanishes,
Ω∞ ≡ lim
r→∞
−gtφ
gφφ
= lim
r→∞
16piGM
(D − 2)Ω(D−2)r(D−1)
= 0 , (126)
for all D.
A way to understand the appearance of the Schwarzschild-AdS blackening factor g(r) in the
gtφ = gφt components which will turn out to be useful when we turn on the higher-order Lovelock
couplings is the following. First, note that the metric eq. (122) in the k = 0 case is actually related
to the a = 0 metric by a coordinate transformation. In particular, applying t → t − aφ to the
Schwarzschild-AdS black brane produces eq. (122) at order O(a). While this is no longer the case
in the k = ±1 cases, if we consider an ansatz of the form eq. (122) with g(r) replaced by some other
function p(r) in the gtφ = gφt components, once g(r) is determined using the O(a0) equations, the
only components of Einstein’s equations which are modified at order O(a1) — namely, Etφ = Eφt = 0
— do not depend on k explicitly. Therefore, the fact that p(r) = g(r) holds for k = 0 — which
is just a consequence of the existence of the coordinate transformation relating the rotating and
static black brane solutions — implies that it also holds for the less trivial cases k = ±1. A similar
phenomenon occurs for Lovelock gravities, as we explain now.
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A.2 Lovelock gravities
Let us now consider a generic D-dimensional Lovelock gravity [1, 2], whose action can be written
as
I =
1
16piG
∫
dDx
√
|g|
(D − 1)(D − 2)
L2
+R+
bD/2c∑
n=2
λ2nL
2(n−1)(D − 2)!
(D − 2n)! X2n
 , (127)
where λ2n are dimensionless couplings and X2n are the dimensionally-extended Euler densities of
2n-dimensional manifolds — e.g., X4 ≡ R2 − 4RabRab + RabcdRabcd is the usual Gauss-Bonnet
density.
The static black hole solutions of eq. (127) have been extensively studied in the literature —
see e.g., [3–6, 9, 11–14]. Generalizations of the slowly rotating Kerr-AdS solution appearing in eqs.
(122) and (124) exist for this class of theories. Just like in the Einstein gravity case, these solutions
are characterized by the static-solution blackening-factor, namely, they also take the form eq. (122),
where now g(r) is determined by the algebraic equation
1− g(r) +
bD/2c∑
n=2
λ2ng(r)
n =
16piGML2
(D − 2)Ω(D−2)r(D−1)
. (128)
For example, including the Gauss-Bonnet density alone, one finds
g(r) =
1
2λ4
[
1∓
√
1− 4λ4 + 64piGMλ4L
2
(D − 2)Ω(D−2)r(D−1)
]
. (129)
The slowly rotating solutions including the Gauss-Bonnet and cubic Lovelock densities were con-
structed for generic k in [62] and [63] respectively. For k = 0, the full boosted black branes (with
arbitrarily large values of a) were obtained in [83, 84]. The general slowly rotating case was studied
in [64].
The mechanism explained at the end of the previous subsection regarding the k-independence
of the equations of motion and the role played by the function g(r) in the slowly rotating solutions
holds for the general Lovelock theory in eq. (127), which therefore possesses solutions of the form
eq. (122) with g(r) determined by eq. (128).
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